We report on a stream of research in relation with Sylow normalizers, i.e. normalizers of Sylow subgroups, of finite groups and group's classes.
analysis of the structure of finite groups in relation to a fixed prime p, and rests on the fact that local properties, such as those of p-subgroups and their normalizers, influence the global structure of the groups. Local finite group theory was initially driven to settle the solubility of groups of odd order within the classification of finite simple groups. All groups considered in this note are finite. We aim to report about a more recent stream of research arising from the following question in the spirit of local theory: which properties of the Sylow normalizers, i.e., normalizers of Sylow subgroups, are inherited by the whole group?
A classical result of Glauberman [13] states that a group is a p-group for a prime p if and only if its Sylow subgroups are self-normalizing. In [11] this result is read off as: if H = p∈P S p , P the set of all primes and S p the class of all p-groups, then a group G belongs to the class H if and only if its Sylow normalizers belong to H. Bianchi, Gillio Berta Mauri and Hauck [4] proved that an analogous result remains true if the class H is replaced by the class of all nilpotent groups. Fedri and Serena [11] pointed out that there are non abelian simple groups with supersoluble Sylow normalizers; also the symmetric group of degree 4 is a soluble non-supersoluble group whose Sylow normalizers are supersoluble. In [11] , continued in [5] in collaboration with Bryce, the structure of groups with supersoluble Sylow normalizers was investigated. But it is still true that a group is nilpotent whenever the normalizer of each Sylow psubgroup is p-nilpotent for every prime p, as proved by Ballester-Bolinches and Shemetkov [2] . We emphasize at this point that classes of groups, being collections of groups closed under isomorphisms, provide a convenient framework for this investigation. D'Aniello, De Vivo and Giordano [6, 7] led the study towards the theory of classes of groups and focused on closure properties of the class
in relation with the closure properties of a given class X , where Syl(G) denotes the set of all Sylow subgroups of the group G. In the first reference these authors proved that a group is primitive if the Sylow normalizers are primitive. In [7] conditions are found when some classes of soluble groups, defined by properties of the Sylow normalizers, are saturated formations. In particular, the class of soluble groups whose normalizers of Sylow p-subgroups are p-supersoluble, for a given prime p, is a saturated formation. The theory of saturated formations keeps the flavour of local theory with the celebrated theorem of Gaschütz-Lubeseder-Schmid which states that nonempty saturated formations are exactly local formations. We refer to the book of Doerk and Hawkes [10] for convenient background about classes of groups and theories of formations and Fitting classes. The class of nilpotent groups constitutes the most elementary model for saturated formations, if one thinks of nilpotent groups as groups whose chief factors are central. This is to say that the automorphism group Aut G (C) = G/C G (C), that the group G induces on each p-chief factor C = H/K of G for every prime p, belongs to the trivial formation f (p) = (1). (Here the trivial formation may be equivalently replaced by the formation f (p) = S p of all p-groups.) A p-chief factor of a group is a chief factor whose order is divisible by the prime p. We recall next some basic concepts on formations.
A formation F is a class of groups such that G/N ∈ F if G ∈ F and N ¢ G, and if
A function f which associates a formation f (p) to each prime p ∈ P is called a formation function. Then the class
is a formation which is said to be locally defined by the formation function f .
A class of groups F is called a local formation if there exists a formation function f such that F = LF (f ). It is useful to note that
, where π = Char(F) = {p ∈ P | f (p) = ∅} is the characteristic of F and, for any set of primes σ, E σ is the class of all σ-groups.
Nilpotent-like Fitting formations
In the literature the term nilpotent-like Fitting formation refers to a wide variety of classes of groups which appear initially as generalization of the class of nilpotent groups. They are Fitting classes and saturated formations, locally defined by a formation function f given by f (p) = E π(p) , where either π(p) is a non-empty set of primes containing the prime p or π(p) = ∅, for each prime p ∈ P.
In a number of papers nilpotent-like Fitting formations have been shown to share some important aspects with the class of nilpotent groups: They describe as local formations those subgroup-closed saturated formations such that every critical group is either a Schmidt group or a cyclic group of prime order, which are also characterized by the validity of an extension of the Frobenius p-nilpotence criterion. Recall that with respect to a class of groups X a group G is critical if G is not in X but all proper subgroups of G are in X and that Schmidt groups are the critical groups for the class N of all nilpotent groups. Moreover, various restrictions on the sets of primes π(p), locally defining the formation, ensure extensions of the class of nilpotent groups from different points of views and in a variety of frameworks. In this direction relevant results appear in relation with subgroup lattices, factorized groups, formations and Fitting classes (see [1] for an account of this development). A further insight appears in [9, 16, 17] in relation with Sylow normalizers. Again a convenient restriction on the sets of primes locally defining a nilpotent-like Fitting formation leads to the so-called covering formations, which are classes of groups with nilpotent Hall subgroups for adequate sets of primes and play an important role in relation with Sylow normalizers (see Section 4). More information about these topics can be found in the book of Guo [14, Chapter 3] .
Finally, a study in [12] deals with the influence of 2-generator subgroups on the structure of groups and factorized groups. Here nilpotent-like Fitting formations of soluble groups are characterized like certain saturated formations F of soluble groups which are closed under taking products of F-connected F-subgroups. We recall that for a non-empty class of groups C, two subgroups A and B are called C-connected if a, b ∈ F for all a ∈ A and all b ∈ B.
In spite of the name and initial developments, the concept of nilpotent-like Fitting formation comprises interesting saturated formations that only vaguely resemble the class of nilpotent groups. For instance, given any sets π and ρ of primes, the class E π E ρ of all groups that are extensions of π-groups by ρ-groups is a nilpotent-like Fitting formation as well as the class of all groups with a Sylow tower for any given total ordering of the primes. Many more examples are described in [12] .
The Sylow graph of a group
A main goal in the course of this research is the connectedness of the so-called Sylow graph of a group [16, Main Theorem] .
Let G be a group and G p a Sylow p-subgroup of G for any prime p ∈ π(G), the set of prime divisors of the order of G. Then the automiser A p (G) is the group N G (G p )/G p C G (G p ), up to conjugacy of Sylow subgroups. The Sylow graph Γ A (G) of the group G, with set of vertices π(G), is defined as follows: Two vertices p, q ∈ π(G) are joined if either q ∈ π(A p (G)) or p ∈ π(A q (G)).
Theorem 3.1. Let G be a finite almost simple group. Then the graph Γ A (G) is connected and has diameter at most 5.
It follows from this theorem that often (with few exceptions) the normalizer of a Sylow p-subgroup G p of a finite almost simple group G is larger than G p C G (G p ), for p an odd prime. In particular, this is always true if G is a finite simple group (see [15] ). More precise information is obtained in [16] in graph terms for almost simple groups.
Covering formations, Nilpotent Hall subgroups and Sylow normalizers
The definition of covering formation is motivated by the following basic fact in relation with Sylow normalizers. For two primes p, q, p = q, we denote [V p ]Z q the primitive {p, q}-group with stabilizer the cyclic group Z q .
Proposition 4.1. [9, Proposition 1] Let F be a subgroup-closed saturated formation such that nF ∩ S ⊆ F, and let p, q ∈ Char(F).
Next we present the main concepts of this section. Let π be a set of primes. For each prime p ∈ π, let π(p) be a set of primes satisfying the following conditions:
Associated to such sets of primes, we consider the following classes of groups:
Such nilpotent-like Fitting formations F appear in [9] where are called covering-formations.
• U denotes the class of all groups with nilpotent Hall σ-subgroups for all σ ∈ Σ, equivalently for all σ ∈ Σ with |σ| = 2 by [18, Lemma 3.4].
• V denotes the class of all groups whose σ-subgroups are nilpotent for all σ ∈ Σ, equivalently for all σ ∈ Σ with |σ| = 2 (easily deduced from the structure of Schmidt groups).
(In case Σ = ∅, it is understood U = V = E.)
It is proved in [17, Proposition 2.1] that F ⊆ U ⊆ V. Recent characterizations of groups having nilpotent Hall subgroups, in terms of either Sylow numbers or class sizes, and related results appear in [18, 3] .
A particular construction is given in the next example. In the soluble universe, the classes in Example 4.2 have been called lattice formations in [1] , since they are characterized in terms of lattice properties of F-subnormal subgroups.
Example 4.2. Assume that the sets of primes π(p) form a partition {π i | i ∈ I} of π, then the groups in F are characterized by being direct products of Hall subgroups corresponding to the sets of primes in the partition, that is,
We report next about main results in relation with covering formations and Sylow normalizers, first in the universe of soluble groups S, and then in the universe of all finite groups E.
The soluble universe S Theorem 4.3. [9, Proposition 2, Theorem] In the universe of soluble groups, covering formations coincide with the classes of groups with nilpotent Hall subgroups for adequate sets of primes, more precisely, F ∩ S = U ∩ S = V ∩ S.
In addition, these classes characterize those subgroup-closed saturated formations X ⊆ S such that a soluble group belongs to X if and only if its Sylow normalizers do also so.
See also [14, Theorems 3.5.14, 3.6.9].
The finite universe E
The result on the Sylow graph is applied in [16] to prove the following:
In addition, with the previous notation,
Similar results for other particular examples appear in [16] . However, we emphasize the following facts in the finite universe E:
• Examples in [17] show that F = U = V, F = U = V and F = U = V are possible.
U is a formation but not subgroup-closed and not saturated in general. [17, Theorem 3.2] n F = F implies that F = U = V.
• In general, n F = F, as shown by the above-referred examples and the last mentioned result in [17, Theorem 3.2] .
But also Examples 3.1 in [17] show that F = U = V is not enough to guarantee that n F = F (even if F ⊆ S or with Char(F) = P). In particular, the class of groups all whose {2, 3}-subgroups are nilpotent coincides with the class of groups with nilpotent Hall {2, 3}-subgroups. This is a covering formation F which satisfies the equivalent conditions in [17, Theorem 3.3] , i.e. every critical group is either a Schmidt group or a cyclic group of prime order, but n F = F.
• In general, a subgroup-closed saturated formation X such that n X = X is not a covering formation: [8, 3 . Example] Let p ∈ P \ {2, 3, 5, 7, 13}, π = {2, 5, 7, 13, p} and H = LF (h) given by h(q) = E π if q ∈ π\{p}, h(p) = S π , h(t) = ∅ if t / ∈ π. Then H is not a covering formation but n H = H. The class H × E π = (G | G = A × B, A ∈ H, B ∈ E π ) gives an example with full characteristic; see [16, Lemma 5.7] . Proposition 3.2 and Theorem 3.1 in [17] give conditions to guarantee that a subgroup-closed saturated formation H satisfying n H = H is a covering formation, in terms of the canonical local definition of H.
